Consider an orientable C 00 Riemannian manifold R of dimension w^2 and an elliptic partial differential equation Au=Pu on R with P a nonnegative, not identically zero, C 1 function on R. We denote by OPX the set of pairs (R, P) such that the subspace PX(R) of the space P(R) of solutions u of Au-Pu on R determined by a property X reduces to {o}. Here the possibilities for X that we consider are B (boundedness), D (Dirichlet-finite:
(1) OQ < OpB < OpD ^ OpBD < OPE -OpBE*
The symbol 21<SB means that 2Ï is a proper subset of 33 and OG is the set of pairs (R, P) such that R does not possess a harmonic Green's function. This type of classification of Riemannian manifolds was initiated by Ozawa [9] . Myrberg [3] demonstrated the existence of the Green's function of Au=Pu on R and thus also the existence of a positive solution of Au-Pu on R without any further restrictions on P. One of the most interesting results of Ozawa is:
(2) OpB ~ OpD = OpBD ^ OpE ^ OpBE if the pairs (R, P) are required to satisfy JR P * 1< <*>. This condition was weakened by Glasner-Katz [l] as follows: (2) is valid for (R, P) such that there exists a subregion R'^ZSORD (cf.
[il]) with JR' P * 1< oo. That this is the weakest condition under which (2) is valid was shown by Glasner-Katz-Nakai [2] .
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The first inclusion, OGCOPB, in (1) was established by Ozawa [9] and also Roy den [lO] . Its strictness was observed by Roy den [lO] for the case m = 2. The higher dimensional example is trivially furnished by (E m , P), where E m is m-dimensional Euclidean space and P increases rapidly at the point at <*> (see (6) below).
The second inclusion, OPBCOPD, was originally observed by Nakai [5] . Recently Nakai [6], [7] showed that OPD = 0PBD from which the latter inclusion also follows trivially. The strictness of this inclusion, OPB<OPD, was established in [2] for every m ^2 except m = 3. This gap will be filled here and in the process the strictness of OPDCOPE will also be settled.
Let P{x) be a rotation invariant nonnegative C 1 function on E 3 which is equal to 1/| x\ 2+a (a>0) near oo. We denote by HX(E 3 ) the space of harmonic functions on E 3 with the property X (X = B, D, BD, BE). Clearly HX(E*)=EK Since every PB-function is the difference of two nonnegative ones, if PB(E 3 )^ {o}, then we can find wGPB(E 3 ) with u >0. In view of HX(
where c is a constant with c>u. Take another such ü and let c be the corresponding constant. Then
where w -cu -cü. Since \w\ is subharmonic and the right-hand side is a potential, we must have \w\ =0. Therefore PB(E 3 ) is onedimensional. This together with the fact that Au = Pu is invariant under rotations gives the fact that every ^£PB(E 3 ) i s also invariant under rotations. Thus if u>0, then by the maximum principle (4) inf u > 0.
We conclude that (E 3 , P)^.0 FB if and only if
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and hence from (4) it can be seen that (E 3 , P)<£0PBD = 0PD if and only if
From (2), (4) . The inclusion OPD = OPBDCOPBE = OPE is seen to be strict if a is chosen so as to make (E) invalid but (D) valid. For example (E 3 , P) GOPE -OPD if a = 0.9.
Let G(x, y) be the harmonic Greene function on the Riemannian manifold P. Then condition (B) takes the form J R G(x y y)P(y) dy and is known to be sufficient for PB(P) and HB(P) to be isomorphic as vector spaces (cf. [4] , [ó], [7] ). Similarly, the analogue of condition (D), JRXR G(X, y)P(x)P(y) dx dy< oo, is sufficient for the isomorphism of PBD(P) and HBD(P) (cf.
[ó], [7] ). Royden [10] showed that f R P * K oo, i.e. condition (E) gives the isomorphism of PBE(P) and HBD(P). The converses of these statements are not true in general. For example, if P= {x£E 2 | 0< |*| <l} and P(x) = |x|~2, then PX(P) is isomorphic with HX(P) (X = B, BD, BE) yet each of (B), (D) and (E) is invalid. However, if we avoid a neighborhood of x = 0 a nonessential boundary point of R in the integrations by considering P' = {x£E 2 | 0<e< |*| <1}, we regain the validity of (B), (D) and (E). Thus in some sense the converses seem to be "almost" true. Since the key to the counterexamples given here is the validity of the converses of these "comparison theorems" in the above setting, we feel that their formulation in the general situation deserves to be pursued.
The above examples of course generalize to E m with m ^ 3 arbitrary. Actually more is known (cf. Nakai [8] ) : Let P a (x) be a nonnegative
